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ABSTRACT

This paper relates to the first centenary of the prediction of the existence of gravitational waves by Albert Einstein in
1916 and their prediction was experimentally confirmed in 2016 in one hundred years after the prediction. This work
develops the theory of the wave propagation in the solids possessing the piezoelectric, piezomagnetic, and
magnetoelectric effects as well as the piezogravitic, piezocogravitic, and gravitocogravitic effects, and the other
exchange coeffects. Exploiting the quasi-static approximation in the theory of electromagnetism and
gravitoelectromagnetism, the thermodynamics and the coupled equations of motion are developed in the common form.
To simplify the problem of the wave propagation in these solids, the shear-horizontal (SH) wave propagation in the
transversely isotropic materials was then treated. Considering all the aforementioned effects and coeffects, the explicit
forms of the propagation velocities of the bulk and new surface acoustic waves (SH-BAW and new SH-SAW coupled
with four potentials) were theoretically obtained. This theoretical work has the additional purpose to stimulate
experimental measurements of all the necessary material parameters when a solid possesses all the effects and coeffects
including the ones from the theory of gravitoelectromagnetism.

PACS: 51.40.+p, 62.65.+k, 68.35.Gy, 68.35.lv, 68.60.Bs, 74.25.Ld, 74.25.Ha, 75.20.En, 75.80.+q, 81.70.Cv, 96.20.Jz,
04.30.-w, 04.90.+¢, 95.30.Sf
Keywords: transversely isotropic solids, piezoelectric and piezomagnetic effects, magnetoelectric effect and other

exchange effects, piezogravitic and piezocogravitic effects, new nondispersive SH-SAW.

INTRODUCTION

Before to start any description of very complicated
problem of wave propagation in solids possessing many
effects that can be taken into account, it is necessary to
fist review the history and evolution of the discovery of
different effects that can be revealed in the studied solids.
It is necessary to state right away that the studied solids
can simultaneously have the following known different
effects: piezoelectric, piezomagnetic, magnetoelectric,
piezogravitic, piezocogravitic, gravitocogravitic effects.
These solids can also possess several coeffects that can be
studied and discussed below. So, it is possible to review
the problems of wave propagation from simple to more
complicated.

The well-known piezoelectric effect can cause the
propagation of the shear-horizontal surface acoustic
waves (SH-SAWSs) in the transversely isotropic (6 mm)
piezoelectrics. This is the simplest case of SH-SAWSs
known as the surface Bleustein-Gulyaev (BG) wave
independently discovered by Bleustein (1968) and
Gulyaev (1969) in their developed theories to the end of
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the 1960s. There is also the second SH-SAW theoretically
discovered by Bleustein (1968) for the other electrical
boundary conditions. This SH-SAW is frequently called
the surface Bleustein wave. However, the author of this
theoretical report can use the words of the slower and
faster surface BG-waves instead of the surface Bleustein-
Gulyaev wave and surface Bleustein wave, respectively,
to distinguish them from each other. The speeds of both
the SH-SAWSs must be slightly slower than the speed of
the shear-horizontal bulk acoustic wave (SH-BAW) and
the existence of the SH-SAWSs demonstrates the fact of
the instability of the SH-BAW for certain cuts and
propagation directions in suitable solids. Studying the
wave propagation in piezoelectrics, the well-known
equations of  electrostatics in the quasi-static
approximation are used because the speed of light is
approximately five orders faster than any acoustic wave
speed. The slower and faster surface BG-waves can also
propagate  in  piezomagnetics  possessing  the
piezomagnetic effect when the piezoelectric and electric
constants are substituted by the piezomagnetic and
magnetic constants, respectively. Here the equations of
magnetostatics in the quasi-static approximation are used
for the same reason mentioned above.
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There are also piezoelectromagnetics (magneto-
electroelastics) as a class of magnetoelectric materials that
can simultaneously possess both the piezoelectric and
piezomagnetic effects resulting in the existence of the
magnetoelectric effect. In these smart materials there is a
possibility to control the magnetic subsystem by changes
in the electric subsystem via the mechanical subsystem, or
vice versa. Smart transversely isotropic (6 mm)
piezoelectromagnetic (PEM) materials were only recently
exhaustively treated regarding to the problems of different
instabilities of the SH-BAW, i.e. the existence of various
SH-SAWSs when different electrical and magnetic
boundary conditions are applied. Indeed, the equations of
the electrostatics and magnetostatics must be also used for
the problem of wave propagation in
piezoelectromagnetics. There is the single review
(Zakharenko, 2013a) concerning the problems of the
wave propagation in piezoelectromagnetics. One decade
ago Melkumyan (2007) has discovered several SH
acoustic waves propagating in the transversely isotropic
piezoelectromagnetics. However, only three of them can
be called the Melkumyan SH-SAWSs: the surface
Bleustein-Gulyaev-Melkumyan  (BGM) wave, the
piezoelectric exchange surface Melkumyan (PEESM)
wave, and the piezomagnetic exchange surface
Melkumyan (PMESM) wave. The first Melkumyan PEM-
SH-SAW is called the BGM wave to have an analogy
with the surface BG-wave (Bleustein, 1968; Gulyaev,
1969). Following the theoretical work by Melkumyan
(2007), several new PEM-SH-SAWSs were also
discovered in theoretical work (Zakharenko, 2010;
Zakharenko, 2013b; Zakharenko, 2015a,b). It is now
possible to state that more than ten new PEM-SH-SAWSs
can propagate in the transversely isotropic
piezoelectromagnetics in contrast to two SH-SAWSs
existing in pure piezoelectrics or pure piezomagnetics.
This is due to the fact of competition of three different
effects mentioned above that can coexist in
piezoelectromagnetics. The magnetoelectric effect is
extremely weak effect compared with the piezoelectric or
piezomagnetic effect. However, it can cause a dramatic
influence on the existence of some new SH-SAWSs
(Zakharenko, 2015b).

It is obvious that any gravitational effect or relevant
exchange coeffect can be extremely weak similar to the
magnetoelectric effect. However, it is possible that
consideration of some extremely weak effects can
disclose the existence of some relevant new SH-SAWSs
that can propagate in the apt solids. Indeed, the
gravitational effect can be readily recordable when very
massive bodies (preferably solids) are treated. For
instance, in the two-body system such as Moon-Earth, a
slight but remarkable attraction of Earth surface towards
Moon can be experimentally observed when Moon is
orbiting Earth. Concerning the microworld when
microwaves are propagating in a bulk solid or on the solid

surface, it is thought that it is hard to record any changes
caused by extremely small possible perturbations of local
gravitational fields. Note that solids for the problem of
acoustic wave propagation are naturally treated as
continua but not discrete materials consisting of atoms.
So, it is necessary to theoretically demonstrate that in
solid continua some extremely weak gravitational effects
or some relevant coeffects can cause the existence of
some corresponding new SH-SAWSs. This can be similar
to the new SH-SAW existence caused by the extremely
weak magnetoelectric effect in piezoelectromagnetics.

For the purpose of a deep study of the influence of some
relevant gravitational effects on the existence of new SH-
SAWs, it is natural to exploit the known equations of the
gravitoelectromagnetism. These equations are similar to
the  well-known equations of electromagnetism
(Heaviside, 1893; Maxwell, 1954; Jefimenko, 1992;
Jefimenko, 2000; Jefimenko, 2006; Assis, 1994; Assis,
1999). One century ago, namely in 1916 Albert Einstein
has predicted the existence of gravitational waves in the
context of his theory of general relativity (Einstein, 1916).
It is also known that gravitational waves propagate in a
vacuum with the speed of light, namely the speed of the
electromagnetic waves. So, the quasistatic approximation
incorporating gravitational effects is fitting here as well.
Using the equations of the gravitoelectromagnetism
instead of the equations of the electromagnetism, one can
find that the final explicit forms obtained for the
propagating velocities in (Melkumyan, 2007; Zakharenko,
2010; Zakharenko, 2013a,b; Zakharenko, 2015a,b) can be
readily rewritten down. Indeed, the utilization of the
piezogravitic, piezocogravitic, and gravitocogravitic
effects instead of the piezoelectric, piezomagnetic, and
magnetoelectric  effects, respectively, results in a
substitution of piezoelectric, piezomagnetic, electric,
magnetic, and magnetoelectric constants by the
piezogravitic, piezocogravitic, gravitational,
cogravitational, and  gravitocogravitic  constants,
correspondingly.  However,  this  substitution is
questionable because anisotropic solids (monocrystals or
composite materials) can be piezomagnetics or
noncentrosymmetric piezoelectrics, or
piezoelectromagnetics. This can mean that it is necessary
to treat the gravitational exchange effects only in a coupe
with the electromagnetic effects. Figure 1 schematically
shows a solid continuum that can possess the mechanical,
electrical, magnetic, gravitational (gravitoelectric), and
cogravitational (gravitomagnetic) subsystems. Figure la
shows that there is an interaction between any two
subsystems somewhat directly (some exchange must
occur) and via the mechanical subsystem. Figure 1b
shows the simpler case when the gravitational or
cogravitational subsystem can interact with the electrical
or magnetic subsystem only via the mechanical
subsystem.
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Fig. 1. The schematic demonstration of possible connec-
tions among the used subsystems such as the mechanical,
electrical, magnetic, gravitational, and cogravitational
ones: (a) there is an interaction between each pair of
subsystem via the mechanical one and (b) the electrical
subsystem can interact only with the magnetic subsystem
(or vice versa) via the mechanical one and the
gravitational subsystem can interact only with the
cogravitational one (or vice versa) via the mechanical
one.

Scientists have recently measured the gravitational
equivalent of a magnetic field for the first time in a
laboratory under certain special conditions. This effect is
much larger than expected from general relativity. In

general, scientists preferably study gravitational fields
passively by observing for grasp of existing gravitational
fields produced by large inertial masses such as stars or
planets and there is no ability to change them, for
instance, with magnetic fields. In his publication Fiizfa
(2016) has described one revolutionary approach for the
creation of gravitational fields from well-controlled
magnetic fields and observing how these magnetic fields
could bend space-time. He has proposed a theoretical
device based on superconducting electromagnets (modern
technologies exhaustively used at CERN or the ITER
reactor) for creation of detectable gravitational fields. It
could disclose many new applications, for instance, in
telecommunications with gravitational waves. The ability
to produce, detect, and control gravitational fields would
certainly be a major achievement in modern physics. So,
scientific interest in the problem of interactions between
the gravitational and electromagnetic waves continuously
increases, for instance, see in (Hegarty, 1969; Kleidis et
al., 2010; Forsberg et al., 2010). The great interest in the
problem of the gravitational wave detection can be
supported by the fact that the European Space Agency
(ESA, the European Union) together with the National
Aeronautics and Space Administration (NASA, the
United States) have collaborated a series of expensive
space experiments called the Laser Interferometer Space
Antenna (LISA). The LISA is a proposed space-based
piezoelectric device (Mohle, 2013) for gravitational
waves’ detection in the low frequency range from 0.1
mHz to 1.0 Hz that is not accessible by ground-based
detectors. However, this expensive space journey has lost
any financial support by the NASA. Also, in February,
2016, it was reported by Professor Dr. David Reitze, the
executive director of the LIGO (Laser Interferometer
Gravitational-Wave Observatory) that the gravitational
waves were detected by the LIGO (Abbott et al., 2016). It
is obvious that the theoretical work developed in this
report does not require a multi-billion USD financial
support and can be developed at an Earth laboratory, even
in the International Space Station, Moon, or Mars.

The following section deals wth the thermodynamic
description of a piezoelectromagnetic bulk material when
the gravitational and cogravitational forces are also taken
into account. The third section provides both the
differential and tensor forms for the coupled equations of
motion concerning the case of the shear-horizontal wave
propagation. The fourth section discusses the boundary
conditions that can lead to the existence of new surface
SH-waves.

Thermodynamics

It is natural to consider a bulk solid continuum that
simultaneously possesses the piezoelectric,
piezomagnetic, and magnetoelectric effects. It is natural
to assume that the gravitational (gravitoelectric) and
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cogravitational (gravitomagnetic) forces must be also
considered. This complex continuum can be
thermodynamically described by means of suitable
thermodynamic variables and functions. Indeed, it is
necessary to choose a thermodynamic potential to
properly  describe thermo  gravitocogravitoelectro-
magnetoelastic interactions in the continuum. It is
preferable for this case to cope with the thermodynamic
potential called enthalpy H, to obtain adiabatic rather than
isothermal conditions. It is well known that an adiabatic
process can be characterized by the constant entropy, S =
Sy = const, and this thermodynamic variable illuminates a
level of disorder in the system. Treating a linear case, it is
possible to consider only linear terms in a Taylor series
for the enthalpy H. relative to an equilibrium condition
He(Sp). It is apparent that S = Sy = const actually gives
zero change, namely dS = 0. So, this thermodynamic
variable can be excluded from the further analysis, for
instance, see in Zakharenko (2010).

For this case, these linear terms in a Taylor series for the
suitable thermodynamic potential can contain the
following thermodynamic variables frequently written in
the tensor forms: strain v, electrical field E;, magnetic
field H;, gravitational (gravitoelectric) field GE;, and
cogravitational (gravitomagnetic) field GH;, where the
indexes i and j run from 1 to 3. Energetic terms of such
complex system described by a thermodynamic potential
can be naturally coupled with the following subsystems
shown in Figure 1. elastic subsystem (thermodynamic
variable z;), electric subsystem (variable E;), magnetic
subsystem (variable H;), gravitational subsystem (variable
GE;), cogravitational subsystem (variable GH;) and
thermal subsystem (entropy S).

Therefore, for the fitting thermodynamic potential T, one
can write the following: T = f(z,,E,,H,,GE,,GH,,S)

and  dT = f,(dz,,dE, ,dH,,dGE, ,dGH,,dS =0).

Next, it is natural that for the problem of acoustic wave
propagation in such continua, it is preferable to use the
following thermodynamic functions: stress oy, electrical
displacement (induction) D;, magnetic displacement
(induction or flux) B;, gravitational displacement
(gravitoelectric induction) GD;, and cogravitational
displacement (gravitomagnetic induction) GB;. These five
thermodynamic functions depend on five independent
thermodynamic variables described above as follows:

o; = fi(rq,E(. H, . GE,,GH,),
D, = fZ(TkI’Ek' Hk,GEk,GHk),
B = f3(TkI’Ek'Hk1GEk)GHk)|
GD, = f4(TkI’Ek' Hk,GEk,GHk),
GB, = f,(zy,E, Hy,GE,,GH, ).

In this linear case, the coupled constitutive relations can
be therefore written as follows:

05 = CijkITkI _ekijEk _hkink - gkijGEk - fkijGHk 1)

ij
D, =eu7y + & B + oy H + G GE, +&,GH, (2)
B, =hy 7 + By + 14Hy + B GE + 4,GH, (3)
GD,; = g7y +SuEe + By H\ +7,GE, +4,GH, (4)
GB; = fiyzy +SiEv + AuH + 9 GE +7, GH, (5)

In expressions from (1) to (5), the used indices i, j, k, and
I run from 1 to 3. The first equation indicates that the
mechanical thermodynamic function such as the stress o
also depends on the corresponding factors at the
independent thermodynamic mechanical (), electrical
(E)), magnetic (H;)), gravitational (GE;), and
cogravitational (GH;) variables. These factors represent
the corresponding proportionality coefficients for the
linear case and are thermodynamically defined below.
They are called the elastic stiffness constants Ciy,
piezoelectric constants e, piezomagnetic coefficients hy;,
piezogravitic ~ constants gy, and  piezocogravitic
coefficients fi.

In equations (2) and (3), the thermodynamic functions
such as the electrical and magnetic displacements (D; and
B;) also depend on the corresponding factors at the
thermodynamic variables and they can be divided into
two groups. The first group is for the dielectric
permittivity  coefficients (electrical constants) &,
magnetic permeability coefficients (magnetic constants)
Lik, and electromagnetic constants a;.. The second group is
for the following exchange tensors: material exchange
constants (i, &, Bk, and i that symbolize possible
exchanges between the electrical and magnetic
subsystems on one side and the gravitational and
cogravitational subsystems on the other side. It is
necessary to keep in mind that these exchange tensors
must be nonzero even in the case when their possible
values are very small. However, these small material
parameters must be taken into account in the common
case shown in figure 1a and can be neglected for the case
shown in figure 1b. It was found that consideration of
very small but nonzero material parameters can be very
important. This fact was demonstrated in work
(Zakharenko, 2010; Zakharenko, 2013b; Zakharenko,
2015a,b) concerning the wave propagation in
piezoelectromagnetics when the extremely small
electromagnetic constant « can cause the existence of
several new SH-SAWSs. In the common case, the tensor of
the electromagnetic constants aj is non symmetric in
contrast to the symmetric tensors of the electrical ¢ and
magnetic g constants. However, for the cubic and
transversely isotropic (6 mm) materials the tensor a;. is
symmetric (Schmid, 2008; Rivera, 2009). This symmetry
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can be also applied to other exchange tensors such as (i,
&k Pis and A in the first approximation, assuming that
the values of the material parameters of the tensors can be
very small. Similar to the exchange between the electrical
and magnetic subsystems characterized by the tensor of
the electromagnetic constants a; there must also exist an
exchange between the gravitational and cogravitational
subsystems. This exchange is taken into account by the
presence of the exchange tensor 9y in equations (4) and
(5). The tensor 9y can be called the tensor of the
gravitocogravitic constants and it is possible to assume
that the tensors aj and 3 can be symmetric for the same
materials. Equations (4) and (5) also contain the tensors of
the gravitic and cogravitic constants, yx and 7,
respectively. It is possible to require that they are
symmetric similar to the tensors of ¢ and .

In five equations written above, the first independent
thermodynamic variable such as the strain tensor z;; can be
defined by the following well known relation between the
strain and the mechanical displacements for small
perturbations: 7, :0_5(aui/axj+auj/axi), where the

indices i and j also run from 1 to 3. So, this relation
represents the dependence of the strain tensor components
7j on the corresponding partial first derivatives of the
mechanical displacement components U,, U,, and Uz with
respect to the real space components Xy, X,, and xs. Each
mechanical displacement component is directed along the
corresponding real space component for the rectangular
coordinate system shown in Figure 2.

X3

X
1 Xy

The transversely isotropic
material of 6 mm class

Fig. 2. The rectangular coordinate system. The coordinate
beginning is situated at the vacuum-solid interface. The
propagation direction is managed along the x;-axis. The
surface normal is directed along the xz-axis. The 6-fold
symmetry axis of the studied transversely isotropic (6
mm) material is parallel to the x,-axis.

In equations from (1) to (5), the other independent
thermodynamic variables such as the electrical field E;,

magnetic field H;, gravitational field GE; and
cogravitational field GH; can be also defined by
corresponding partial first derivatives. Using the

corresponding potentials (electrical potential ¢, magnetic
potential v, gravitational potential @, and cogravitational
potential ¥) in the quasi-static (irrotational field)
approximation, the components of all the fields are

determined as the following partial first derivatives with
respect to the real space components Xi, X, and Xs:

E, =—0p/0X;, H,=-0w/ox, GE, =-0®/oX,
GH, =—0%/ox; - It is natural to exploit the quasi-static

approximation when all the derivatives with respect to the
time t in the corresponding Maxwell equations of
electromagnetism (or the corresponding equations of the
gravitoelectromagnetism) are omitted because the speed
of the electromagnetic (or gravitational) wave is
approximately five orders larger than the speed of any
elastic wave (Dieulesaint and Royer, 1980; Auld, 1990;
Zakharenko, 2010).

In the constitutive relations from (1) to (5), all the
material tensors such as Cijkl: Exijs hkij: Okijs fkij! Eiky MUiks ik
Yiks  Hiks i G Siks ﬁik: Aik can be thermOdynamica"y
expressed. For the thermodynamic definition of the elastic
stiffness constants Cjjq, these material parameters can be
naturally defined from expression (1) as follows:

60'ij
Cijkl =

ory

(6)

jE,H ,GE,GH =const

Thermodynamic definition (6) of the elastic stiffhess
constants Cjy states that they can be determined at
constant  electrical, magnetic, gravitational, and
cogravitational fields. Symmetry arguments allow some
simplifications of the quantity of the Cjq because the
stress and strain tensors are symmetric: ¢ = o5 and 7; =
7ji. Therefore, the stiffness tensor Cjq must also possess a
corresponding degree of symmetry resulting in the
following simplifications:

Cijkl = Cklij = Cjikl = Cklji = Cijlk = Clkij = Cjilk :Ciji ()
Using Voigt’s notation, (3x3x3x3) tensor form (6) for the
elastic stiffness constants Cjyq can be rewritten in a form
of (6x6) symmetric matrix (Dieulesaint and Royer, 1980;
Auld, 1990; Zakharenko, 2010). The transformation
procedure of a tensor form into a matrix is wellknown.
For this purpose, the following rules are used for the
indices: 11 —» 1,22 52,33 - 3,23 54,13 -5 5,12 —
6 and therefore, ijkl — PQ and Cjjq — Cpq, Where the
indices P and Q run from 1 to 6.

With equations from (1) to (5), the thermodynamic
description of the piezoelectric constants e,
piezomagnetic coefficients hy;, piezogravitic constants
0w and piezocogravitic coefficients fg can be
correspondingly given by the following definitions:

Ci = _Lao-ij j =€y = [ D, J (8)
aEk z,H,GE,GH =const aTkI E,H,GE,GH =const
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0o )
hijk = _[ % ] =hy = [GB,J ®)
oH k /r,E,GE,GH =const aTk‘ E,H,GE,GH =const
0o 0GD,
Qijk :_(8GEJ J =0Oin :( P J (10)
k /z,E,H,GH =const Tu E,H,GE,GH =const

0o; '
f - _(%J _t, :(%BJ (11)
aGHk ,E,H,GE=const aTkl E,H,GE,GH =const

It is necessary to state that the quantities of the tensors
Nuij, €wij, Okijy and fi; can be decreased. The symmetry
arguments such as o = o5 and 7; = 7; can also
demonstrate the corresponding degrees of symmetry for
the hyj, €wij, Owij, and fi. The symmetry influences allow
the existence of the following equalities:

€ = Cik = Cyi = Cjix (12)
he; =My =hg =hy (13)
Oyii = Yijk = i = Gijix (14)
fis = fi = figi = Fiac (15)

Exploiting Voigt’s notation, all of the (3x3x3) tensor
forms for the hyj, ey, gyij, and fii; can be then rewritten as
the asymmetric (6x3) or (3%6) matrices: e; — €xp OF €jj
— €pk, Niij — hyp O i — iy, Giij — ke OF Tijk — pkr Fi
— fip or fijjx — fpy, Where the index P runs from 1 to 6.
Next, the rest material tensors such as e, ik @ik Yk Hiko
Jiks G Siks Pk Lik can be divided into three groups. The
first group (e, uik @) is for the electrical and magnetic
subsystems and their interaction. The second (yik, 7k, Jik)
is for the gravitational and cogravitational subsystems and
their interaction. Thus, the third group contains the rest
four exchange tensors. With the first group, the
thermodynamic definitions for the dielectric permittivity
coefficients ¢y, magnetic permeability coefficients g,
electromagnetic constants aj (see equations (2) and (3))
read:

D.
Ey = (L] (16)
aEk 7,H,GE ,GH =const
OB,
Hi = (GHI ] (17)
k /r,E,GE,GH =const

(297 :( aDI J = (%J (18)
oH k /r,E,GE,GH =const aEk 7,H,GE,GH =const

In the thermodynamic relations (16) and (17), the
constants & and wj represent symmetric tensors of the
second rank (matrices): g, =¢; and g, =, - It is also

natural to treat o, = a because it is symmetric for the

cubic and transversely isotropic (6 mm) materials
(Schmid, 2008; Rivera, 2009). Indeed, the components of
the tensors e, wik, and aj are naturally written as (3x%3)
matrices (Schmid, 2008; Rivera, 2009; Zakharenko,
2010).

With expressions (4) and (5), the second group of the
material tensors of the gravitic constants y; and cogravitic
constants #z; can be also written as (3x3) symmetric
matrices: y, =y, and . =, . Also, it is possible also

to treat the tensor of the gravitocogravitic constants 3; as
symmetric for cubic and transversely isotropic (6 mm)
materials. The thermodynamically defined as follows:

0GD.
Vik :(GGEIJ (19)
kK /z,E,H,GH =const
0GB:
M = (GGHI j (20)
k /z,E,H,GE=const

19ik :( aGDi ] = ( aGBi J (21)
aGHk 7,E,H,GE=const 8GE|< ,E,H,GH =const

In the rest third group there are four exchange tensors
such as i, S Bk Ak They are present in expressions
from (2) to (5) of the constitutive relations and manifest
possible  exchange  mechanisms  between  the
electromagnetism and gravitoelectromagnetism. One has
to be sure that some exchange occurs because there are
recently performed experiments (Fuzfa, 2016) in a
laboratory on Earth concerning the evidence of creation of
gravitational fields from well-controlled magnetic fields.
So, it is even possible to require that the exchange tensors
Gk i Pike @and Ay must be also symmetric at least for the
cubic and transversely isotropic (6 mm) materials. This
requirement is enough for this study because it deals for
simplicity with the 6 mm hexagonal materials.
Consequently, the rest exchange tensors are
thermodynamically defined as follows:

D. D,
aGE 7,E,H,GH =const 7,H,GE,GH =const
( (GGB 23)
7,E,H,GE=const 7,H,GE,GH =const

6 k /z,E,H,GH=const k r,E,GE ,GH =const

( J _[2cB 5)
aGHk 7,E,H,GE =const

7,E,GE,GH =const

UJITI

CD

6Hk
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This study deals with wave propagation in anisotropic
solid continua, i.e. crystals. This means that the
propagation velocity must be different for different
propagation directions in crystals. In general, all the
material parameters are obtained in a crystallographic
coordinate system that can naturally provide minimum set
of independent material constants for simplicity. This
study relates to surface acoustic SH-wave propagation
coupled with all the potentials (electrical potential ¢,
magnetic potential , gravitational potential &, and
cogravitational potential ¥) in such smart materials.
However, surface SH-waves can be supported only in
suitable propagation directions. It is necessary to rotate
around the x;-axis, X,-axis, or Xs-axis in order to obtain a
new propagation direction in the new suitable coordinate
system called the work coordinate system. The new
propagation direction must be directed along the x;-axis in
the work coordinate system. This situation requires a
recalculation of all the values of the independent material
constants. Therefore, the number of independent material
constants and their values must be recalculated. It is
obvious that the values of the new material constants are
obtained using the values of the old ones. Exploiting the
rules for tensor transformations (Dieulesaint and Royer,
1980; Auld, 1990; Zakharenko, 2010), some new values
of the material constants with the indexes i, j, k, and | can
be obtained by application of the transformation matrices
such as aim, ajn, akp, and ay to the original values of the
material constants with the indexes m, n, p, and g.
Therefore, the transformation formulae for all the material
tensors introduced above read:

Cija = Qim@n845810Crpq (26)
€ = 3im@n 3o Cmp @7)
h.. = 2,2, N (28)
Oijk = Qin@jn Qo Ynp (29)
fix = Q@0 fanp (30)

=8 @jnm (31)
My = Qi@ Mgy (32)

= 8@, Ay (33)
7ij = Q@0 mn (34)
Mij = Qi@ T (35)
3 = @y, (36)
Cii = @in@inCim (37)
i = Qim@jnSmn (38)
By = &inay fmy (39)
A = 8804, (40)

So, all the properly transformed material constants given
by transformations from (26) to (40) will be used in the
following section. The following section provides both
the differential and tensor form of the coupled equations
of motion. The equations of motion must be resolved for
construction of apt boundary conditions’ determinants for
determination of propagation velocity. To obtain the
propagation velocity based on the thermodynamic
principles developed in this section is the main purpose of
this theoretical investigation.

Coupled equations of motion

One of the common work tools in the physical acoustics is
the application of the quasi-static approximation because
the speed of the electromagnetic wave or gravitational
wave is approximately five orders larger than the speed of
any acoustic wave. Indeed, the acoustic waves
propagating in solids are extremely slow in comparison
with the electromagnetic (or gravitational) wave
propagating in the same material. However, propagation
of the acoustic waves in suitable solid continua can be
naturally coupled with the electrical (¢), magnetic (),
gravitational (@), and cogravitational (%) potentials in the
quasi-static approximation. Using the four field equations
of his electromagnetic theory, Maxwell has creatively
formulated the laws of electrostatics, magnetostatics, and
electromagnetism. The electrostatic and magnetostatic
equilibrium equations can be written using the differential
forms of the corresponding Maxwell equations which can
be written as follows: divD=0 and divB=0. The
first equality with the electrical displacement vector D
represents Gauss’s law without free charge and currents
and the second equality represents a divergence of the
magnetic displacement vector B. Using the analogy
(Heaviside, 1893; Maxwell, 1954; Assis, 1994; Assis,
1999; Jefimenko, 1992; Jefimenko, 2000; Jefimenko,
2006) between the electromagnetism and
gravitoelectromagnetism, it is possible to write down the
gravitostatic (gravitoelectrostatic) and cogravitostatic
(gravitomagnetostatic) equilibrium equations for the
studied case as follows: divGD=0 and divGB=0,
where GD and GB are the gravitational (gravitoelectrical)
and cogravitational (gravitomagnetic) displacement
vectors, respectively.

Further exploitation of the analogy between the
electromagnetism and gravitoelectromagnetism, the
governing electrostatic, magnetostatic, gravitostatic, and
cogravitostatic equilibrium equations can be respectively
exposed in the following differential  forms:

oD, /ox, =0, 0B, /ox, =0, oGD,/ox, =0 and
0GB, /0x; =0. These equations represent the partial

first derivatives of the electrical, magnetic, gravitational,
and cogravitational displacement components (i.e. D;, B;,
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GD;, and GB;, respectively) with respect to the real space
components x;, where the index i runs from 1 to 3.
Besides, the governing mechanical equilibrium equation
is also written as the following partial first derivative of
the stress tensor components o; with respect to the

components x; (i and j run from 1 to 3): 0o, /8Xj =0.

In the theory of the wave motions of a solid material in
dependence on time t, equations of motion can be
described by the following common form (Dieulesaint
and Royer, 1980; Auld, 1990; Zakharenko, 2010):

doy 0%,
= p 2
OX: ot

J

(41)

where p is the mass density of the bulk solid continuum.
On the right-hand side in equation (41), the partial second
derivatives of the mechanical displacement components
U; with respect to time t represent corresponding
accelerations with the dimension of m/s?.

In addition to equation of motion (41), it is necessary to
account the electrostatics, magnetostatics, gravitostatics,
and cogravitostatics in the quasi-static approximation:

%zo,%:o,aGDizo, L=0 (42
OX; OX; OX OX;

] ]

It is obvious that equations (41) and (42) represent the
coupled equations of motion in the differential form. The
coupled equations of motion can be readily rewritten in
the corresponding expended forms when the mechanical
displacements U;, electrical potential ¢, magnetic
potential v, gravitational potential &, and cogravitational
potential ¥ are exploited. These four potentials are
defined in the context above equation (6). Utilizing these
four potentials for equations from (1) to (5), equations
(41) and (42) take the following expanded forms:

o°U. o°U 0’
P—7 = Cijkl L+ €yij g
ot OX;OX, OX 0%,
(43)
oy 0’d o'y
+h axox Jagac T e gk
O iO%% i
0°U 0°
0= Ciii - Eij 4
OX;0X; OX;OX;
2 2 2 (44)
0%y 0’® o2y

i oxox, - axox, e OX,0X,

2 2
0 =hy, oY, — ) op
OX;0X; OX;OX;
0° o0’d R 4 “)
— Hjj v _ﬂij _ﬂ’ij
OX;0X; OX;OX; OX;OX;
oU o%p
O0=aq. k _ /o
Ji OX,0X, i OX,0X,
0? 0’d oy )
_ﬂij v —7jj _'9ij
OX;OX; OX;0X; OX;0X
2 2
Ozfijk 00, _§ij ¢
OX;OX; OX;0X
2 2 2 (47)
oy o“p oy

) 9 —n.
Yoxox; " oxox, i OX;0X

In equations from (43) to (47), the indexes i, j, k, and | run
from 1 to 3. These five homogeneous equations represent
partial differential equations of the second order. They are
actually seven equations because equation (43) can be
also written in the form of three equations corresponding
to the mechanical displacement components U;, U,, and
Uz. These coupled equations of motion constitute the
wave propagation in a suitable solid continuum
possessing the piezoelectric, piezomagnetic,
piezoelectromagnetic, piezogravitic, piezocogravitic,
gravitocogravitic effects and the other coeffects.

Next, it is convenient to further deal with the well known
tensor form of the coupled equations of motion that can
be obtained from the differential form written above. First
of all, it is required to state that these homogeneous
partial differential equations of the second order written
above must have natural solutions in the plane wave
forms (Dieulesaint and Royer, 1980; Auld, 1990;
Zakharenko, 2010). Therefore, these solutions read:

U, =Uexp[j(kx, +k,x, +kyx; —at)] (48)
where the index | runs from 1 to 7.

In solutions (48) there is the following: U, = U; for I =i =
1,2,3;Us= 9, Us =y, Us = ®dand U; = ¥. Also, U, j =
(-1)"2, and w stand for the initial amplitudes, imaginary
unity, and angular frequency, respectively. The angular
frequency w is defined by the linear frequency v: w = 2mv.
The values of U;°, U,®, U, U2 = ¢° Us® = 0, Uy = &°,
and U;® = ¥ called the eigenvector components should be
determined further. In (48), the parameters ki, k,, and ks
represent the components of the wavevector k directed
towards the wave propagation:
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(kl, kz,k3)= k(nl, n,, ns), where ng, n,, and n; are the

directional cosines, namely n; =1, n, =0, and nz =na. It is
worth noting that the wavenumber k in the direction of
wave propagation is coupled with the wavelength A as
follows: k2 = 2m.

It is transparent that the utilization of solutions (48) and
the directional cosines for the differential form of the
coupled equations from (43) to (47) can actually lead to
coupled equations written in a tensor form. These
homogeneous equations can be naturally written in the
following compact form of the well-known Green-
Christoffel equation (Zakharenko, 2010):

(GLIJ —0y prh)Jlo =0 (49)

where the indices I and J run from 1 to 7 and the phase
velocity is defined by V , = w/K .

In equation (49), GL,; stands for the components of the
modified tensor in the well-known Green-Christoffel
equation (Zakharenko, 2010). 6, represents the Kronecker
delta-function with the following conditions: ¢,; = 1 for |
:J<4,5|J:0f0r|#J,and544:555:566:577:0. Itis
also fundamental to state that the symmetric modified
Green-Christoffel tensor GL,;, i.e. GL,; = GLy, can have
only 28 independent tensor components. Compact form
(49) represents the common problem for determination of
the eigenvalues and eigenvectors. In this case, the suitable
values of nz for the corresponding phase velocity
represent the eigenvalues and a corresponding eigenvector

(RUATRU SRV EARU ST
should exist for each of the suitable eigenvalues.

However, this report relates to the study of the SH-wave
propagation and therefore, only suitable several equations
must be used from common compact form (49)
corresponding to fitting propagation directions. According
to excellent books (Dieulesaint and Royer, 1980; Auld,
1990), it is possible to find high symmetry propagation
directions in crystals relating to all classes of symmetry,
but the lowest triclinic symmetry. In such propagation
directions, tensor form (49) can consist of two
independent sets of homogeneous equations due to the
fact that some GL-tensor components can become equal
to zero when acoustic waves propagate in certain
directions on certain cuts. In some certain directions
(Dieulesaint and Royer, 1980; Auld, 1990) of wave
propagation, the in-plane polarized waves can be coupled
with the four potentials (electrical ¢, magnetic v,
gravitational &, and cogravitational ¥ potentials) and the

anti-plane polarized (SH) waves represent purely
mechanical waves. Therefore, the corresponding
eigenvectors are respectively written as follows:

(Uf,US,Uj,UQ,US,US) and (US) In the other
certain directions (Dieulesaint and Royer, 1980; Auld,
1990), the in-plane polarized waves represent purely
mechanical waves and the anti-plane polarized (SH)
waves can be coupled with the four potentials. This case

corresponds to the following eigenvectors: (Ulo,Ugo) and
(VERVERVINVIRVEN}

This study has an interest in investigation of the pure SH-
waves in the suitable high symmetry propagation
directions in the transversely isotropic materials of class 6
mm. There are certain cuts and certain propagation
directions in such materials (Dieulesaint and Royer, 1980;
Auld, 1990; Gulyaev, 1998; Zakharenko, 2010) in which
the propagation of the pure SH-waves can be coupled
with the four potentials. Figure 2 shows the suitable
propagation direction managed along the x;-axis in the
work coordinate system (Xy, X,, X3) in which the six fold
symmetry axis is directed along the x,-axis. The work
coordinate system was obtained from the original
crystallographic coordinate system (x’1, x5, x’3) in which
the six fold symmetry axis is directed along the surface
normal. In this case, the SH-wave has the mechanical
displacement component U, directed along the x,-axis. In
the studied propagation direction, it is unnecessary to
expand compact tensor form (49) because it actually
decomposes into two independent parts and there is only
an interest in the part corresponding to the pure SH-wave
propagation.

Dealing only with the suitable GL-tensor components of
compact tensor form (49) representing the coupled
equations of motion, the SH-wave propagation coupled
with the four potentials can be then expressed by the
following five homogeneous equations:

GL,, - przh GL,, Gl, GL, GL, |U;
GL,, GL, GLs GLg GL, |U;
GLs, Gly, Glg Glg Gly |Ug |=
Gl Gly, Glg Gly Glg |Ug
GLy, GL, GLly Gly Gl \U;

C[m—(\/ph/vm)z] em hm gm fm JU°) (O
em —em —am —¢m -&m| ¢’ | |0
hm —am —m —-pm —im|y°|=|0
gm —¢m —-pm —m -9m|®°| |0
fm -&n —im -9m —mm)\¥°) (0

(50)

where  m=1+n} and (Uo,gpo,l//o,cbo,‘}’o)

=(Us.Ug. UL, UL U2).
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In equation (50), the independent material constants for
the case are C = Cus = Cqg, € = €16 = €34, h= h16 = h34, g=
O16 = Qaa, T =Tig = Tag, e = &10 = €33, 0 = pt11 = gz, @ = 0oy =
033, Y = Y11 = Y33, 1 = N11 = 133, § = 911 = Fa3, (= (11 = (33, €
=¢n = &g, f = Pu = P A = Au = Ass. The suitable
eigenvalues n3 = ks/k can be found when the determinant
of the coefficient matrix in equations (50) equals to zero.
Therefore, it is possible to write down this determinant of
the coefficient matrix already in the following convenient
form consisting of five cofactors:

S LI
em -& —a —-¢ &
hm -a —u -p -4 (51)
gm ¢ =B -r -8
fm -& -4 -9 -7

xmxmxmxm=0
The first factor representing the determinant in equation

(51) is quite complicated and the rest ones give the
following four pairs of identical eigenvalues:

1,2 3,4 5,6 7,8 H
ng"? =ng? =nP® =nf'® =1j (52)

Expanding the determinant in equation (51) leads to the
following fifth pair of the eigenvalues:

néQ,lO) = ij\/]'_ (Vph /Vtemgc )2 (53)
where

Vtemgc = C/p(1+ Kezmgc )1/2 (54)
K = )

A =e*(uym +2p29 - 'y - B - 9u)

+h?(eyn + 2069~ F2e — - &)

+ gz(gy17+ 2a§/1—/128—a217—§2y)

+ 12 euy +20B8 - e —aty - )

+ 2eh(Fa + B + Ei—ayn - A9 -£B9)  (56)
+2eg(afn + ¢ + EQu—aA8 — Cun — EBA)

+ 2ef (apd + Cu + P& — a9 —CBA - Euy)
+2hg(eA9 + Can + E B — enf— CAE — E9ar)

1+ 2hf(g89+ £2A+ Eay — ehy — (9o — ECB)

+20f (eBA+ a9+ Eul — eud - alh — aPpE)

A = C(sy—aZXyn—Qz)
+C(B267 ~ &2y - Bren)+ C(2#¢% ~ Py~ un)
+2C(yalA+nafl + ePAd+ ulES — CEPA — aldd — afEd)

(57)

Expressions (54) and (55) represent the definitions for the
four-potential shear-horizontal bulk acoustic wave (4P-
SH-BAW) and the coefficient of the
electromagnetogravitocogravitomechanical coupling
(CEMGCMC), respectively. This coefficient can be
dramatically reduced for the case of {=0,¢=0,8=0,4=
0 when there is no direct exchange between the electrical
(magnetic) subsystem and gravitational (cogravitational)
subsystem. The reduced coefficient reads:

*2 2 2
Kemge = Kem + Ky

emgc

e’ +éh? —20eh g’ + % —299f (58)

C(g,u—az) C(yn—@z)
where
K2 = 1% + eh? —20eh
o C(g,u—az)
(59)
_eleu—ha)-hlea—-he) eM,-hM,
- C(g,u—az) - CM,
» 19’ +f7-29f
Ko = 2
Clym-9°) )
_9(gn-f9)-f(g9-fy) _ gMs - M,
C(yn—&‘z) CM,

Definitions (59) and (60) stand for the coefficient of the
magnetoelectromechanical coupling (CMEMC) and the
coefficient of the gravitocogravitomechanical coupling
(CGCMC), respectively. They depend on the following
corresponding coupling mechanisms:

M, =ea—he (61)
M, =eu—ha (62)
M, =su—-a’ (63)
M,=99- fy (64)
M,=gn—- 9 (65)
Mg =y -9 (66)

The coupling mechanisms M;, M,, and M3 are discussed
in (Zakharenko, 2013c) and the others are introduced in
this study. Using reduced coefficient (58), the reduced 4P-
SH-BAW speed can be inscribed as follows:
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Vtemgc Y, C/p(1+ K:rigc (67)

With known eigenvalues (52) and (53), it is now possible
to find all the suitable eigenvectors. This is a quite
complicated problem. Therefore, the appendix below lists
all the suitable eigenvectors. The reader can find in the
appendix that there are several suitable cases. Using the
eigenvalues and the corresponding eigenvectors, it is
possible to write down the complete parameters based on
expression (48) and to exploit them in the apt boundary
conditions. This is the purpose of the following section.

Boundary conditions leading to new SH-SAW

First of all, based on definition (48), it is indispensable to
write down the explicit forms for the following complete
parameters in the plane wave forms: the complete

mechanical displacement UZ‘ =U*, complete electrical
Us=9",

complete gravitational potential U

complete magnetic potential

z z
6:¢v

potential

z z
Ug =y~
and complete cogravitational potential U;2 =¥ These

complete parameters are very important and used further
to construct the determinants of the boundary conditions.
These complete parameters can be naturally introduced in
the following forms:

U;=U*= Y FOU® exp[j(klx1 +KyXy + KX, — a)t)]
s=1,3,5,7,9
= FU°® exp[jk(x, +n®x, -V )]+ F,U % exp[jk (x, +n®x, -V t)]
(68)
Ui =9 = D FOUL exp[j(klx1 +k,x, +kEx, —a)t)]
s=1,3,5,7,9
=Fe"® exp[jk(x1 +n{x, - )]+ Fp"® exp[Jk(x +n{x, -V t)]
(69)
Us =y*= Y FOUW exp[j(klx1 +KyX, + k% — a)t)]
5=1,3,5,7,9
=Fy® exp[jk(x1 +n{x, - )]+ Fy exp[Jk(x +nx, -V t)]
(70)
> Ry exp[j(klx1 +KyXy + kX, — a)t)]

s=1,3,5,7,9

=Fo'® exp[jk(x1 +n{x,

Us =" =

—Vpht)]+ F,@°® exp[jk(x1 +n{Ix, —Vpht)]
(71)

Uy=v*= Y FOU® exp[j(klx1 + K, %, + k%, —a)t)]

$=1,3,5,7,9
=Fyp°® exp[jk(x1 +n{x, -V )]+ F,2° expljk(x, +n®x, -V t)]

(72)
where F = F® + F® + F® + FD and Fy = FO,

It is clearly seen in the complete parameters written above
that one deals here with a five-partial wave because each

complete parameter must be formed by five terms due to
the summation over the index s = 1, 3, 5, 7, 9. This
summation corresponds to five suitable eigenvalues of ten
defined by expressions (52) and (53). The suitable
eigenvalues n; are those with a negative sign (x; < 0 in the
solid shown in Figure 2. In order to have the wave
damping towards the depth of the solid because this report
has an interest in a study of surface wave propagation
localized at the interface between two different continua,
namely a vacuum and the solid. This is usual thing for
investigation of surface wave propagation in solids
(Dieulesaint and Royer, 1980; Auld, 1990; Zakharenko,
2010). So, for these five-partial waves there are the
following five weight factors F®, F® F® F© and F©,
The complete parameters depend on them. However, it is
clearly seen in expression (52) that there are four identical
eigenvalues n; and they will give the same eigenvectors.
As a result, all the complete parameters can be written
down in convenient and simplified forms with only two
weight factors such as F and Fq defined right away after
expression (72). With F and F, it is possible to conclude
that these five-partial waves can be introduced as some
hidden two-partial waves. This fact can be used further
for determination of the propagation velocity of the
acoustic waves coupled with the four potentials: four-
potential shear-horizontal surface acoustic wave or 4P-
SH-SAW.

The boundary conditions used in this theoretical report
relates to the interface between a vacuum and the solid.
The mechanical boundary condition for the mechanical
subsystem is the mechanically free surface of the solid,
i.e. the normal component of the stress tensor oz, must
vanish at the interface between the solid surface and a
vacuum: osp(x3 = 0) = 0. Using expression (1), this
condition reads:

Op= S FOCkEU +ek® % +hky O + gk P 4 kPP |

s=13,57,9

=0

The electrical boundary condition for the electrical
subsystem is that the electrical potential must vanish at x;
=0,ie p= ZF(S) %) — 0 representing the electrically
s=1,3,5,7,9
closed case (Al’shits et al., 1992). The magnetic boundary
condition at x3 = 0 for the magnetic subsystem is as
follows: = ZF(S)l//O(S) =0 representing the
s=1,3,5,7,9
magnetically open case (Al’shits et al., 1992).
Analogically, for the gravitational subsystem and the
cogravitational subsystem it is possible to require that
both the gravitational and cogravitational potentials must
Z F o) — o

s=1,3,5,7,9

vanish at the interface x; = 0: @ =
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and ¥ = ZF(S)‘PO(S) =0. It is thought that these
$=1,35,7,9

boundary conditions are the most simple and more

complicated boundary conditions will be not treated in

this report.

Therefore, these five boundary conditions lead to five
homogeneous equations written the following matrix
form:

b(Ccu @
e(po(l) +h V/U(l) e(ﬂﬂ(f*) +h WDU) e(ﬂulﬁ) + hl//U(5) e¢0(7) + h'//ﬂ(7) +e(pﬂ(9) . hWU(B)
+g@°0 + fP°0 4 g™ 4 fPOO 4 g@p®® 4 fP°0 4 gD 4 fpo g 4 100
(pou) (po(a) (/,n(fr) {170(7) goﬂ(g)
et o ) oo oo
iRt ') @) o @@
Pom Por) o) o o)
F®) (0
F® | |o
x| F® [=|0
FO 0
F® 0

(73)

where b = \/1— (Vph Memge )2 :

It is well-known that a set of homogeneous equations has
a solution when the determinant of the coefficient matrix
is equal to zero. The experienced reader can find that the
determinant of the coefficient matrix in expression (73) is
always equal to zero because the first, second, third, and
fourth columns of the determinant are identical due to
four identical eigenvalues (52). It is obvious that the
identical eigenvalues give identical eigenvector
components that can be found in the appendix, for
instance, see in definitions (A18) and (A19) or (A30) and
(A31), or the others. Indeed, it is well-known fact that a
matrix determinant is equal to zero when there are two
(several) identical columns or two (several) identical
rows. This is also true when a column represents a linear
combination of two (several) columns and or a row
represents a linear combination of two (several) rows.
However, this fact that there are identical columns in
expression (73) does not determine the propagation
velocity because all the eigenvector components do not
depend on the propagation velocity, i.e. the phase velocity
Vpn that must be found. The main peculiarity of the
studied case is that only the factor b defined right away
after equation (73) depends on the Vg, The factor b is
only present in the first row and the last column of the
matrix determinant. For the sound determination of the
propagation velocity, one has to treat the rows instead of
the columns of the matrix determinant in (73). It is blatant
that the first row actually represents a linear combination
of all the rest rows. Indeed, the reader can successively
subtract the second, third, fourth, and fifth rows with the
factors of e, h, g, and f, respectively, from the first row
and the certain value for the propagation velocity can be
soundly obtained.

For this purpose, it is convenient to deal with an
equivalent set of two instead of five homogeneous
equations. With the five homogeneous equations written
in matrix form (73) and the weight factors F and Fq
defined after expression (72), it is possible to introduce
the following equivalent set of two homogeneous
equations for the determination of the propagation
velocity:

e(po(l) +hl//0(l) + g@ﬂ(l) + fylo(l) e(pO(sa) +h'//0(g) + 9450(9) + WIO(Q)
F 0
X =
Fy 0

It is clearly seen in reduced set (74) that the first row in
reduced set (74) represents the first row on complete set
(73) and the second row in set (74) represents a linear
combination of the rest rows in set (73). It is obvious that
in reduced set (74), it is unnecessary to use the second,
third, and fourth columns from complete set (73) because
they are identical to the first column. This is the usual
procedure to reduce a complicated set of equations by
replacing it with a more simplified but equivalent set of
equations. This can be convenient when more
complicated case can be treated in the future. Exploiting
reduced set (74), the propagation velocity can be
determined from the following common form:

b= \/1_(\/ph/\/temQC)2

[e(po‘” +h l//o(l) + gdﬁo‘“ + flpo(l) b(CU o) + 9(00(9) +h (//0(9) + g(DO‘Q) + flpo(g) )]

(74)

75
B e§00(9) + hVIO(9) + g¢0(9) + .I:Y/O(Q) ( )
T CU™ 4 ep™ +hy " 1 go™ + (%0
All the eigenvector components such as U%®, ¢, %)

@"@ and ¥ can be found in the appendix that offers
six different cases, each of which contains two pairs of
different eigenvectors. Also, the weight factors F and Fq
can be determined from the first equation in set (74).
They can be exposed as follows:

F= —b(CU %0 4 e’ + hy '@ 4 gp®® 4 0O ) (76)
Fy =0 +hy°® 4+ g@'® 4 fp°0 (77

Expression (75) can be also obtained from complete set
(73) by a successive subtraction of the second, third,
fourth, and fifth rows with the factors of e, h, g, and f,
respectively, from the first row. This was already
mentioned in the context above expression (74). The
reader can check that the utilization of any of possible
eigenvectors given in the appendix by formulae (A19) and
(A31) soundly leads to the following propagation velocity
of the new 4P-SH-SAW:
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1/2
2
Kemgc

1+ K?

emgc

VnewSAW :Vtemgc 1- (78)

where the 4P-SH-BAW velocity Viemg and the coefficient
of the electromagnetogravitocogravito mechanical

coupling (CEMGCMC) K2

emgc are respectively defined
by formulae (54) and (55).

Also, the CEMGCMC Kezmgc can be dramatically

reduced for the case of {=0,¢=0, =0, 1 =0. This is
the case of no direct exchange between the electrical
(magnetic) subsystem and gravitational (cogravitational)
subsystem. For this case, the reduced CEMGCMC K;ﬁgc
defined by (58) must be used along with the other 4P-SH-
BAW velocity Vt:mgc defined by formula (67). Therefore,

the value of the new 4P-SH-SAW velocity can be
calculated with the following formula:

1/2

K2
* \* emgc
VnewSAW _Vtemgc 1- 1 K*z
+ emgc
) ) 2 1/2 (79)
Ve Ken T Kge
— Ytemgc

|\ 14KZ + K2

where the coefficient of the magnetoelectromechanical
coupling (CMEMC) Kezm and the coefficient of the

gravitocogravito mechanical coupling (CGCMC) K;C
are respectively defined by (59) and (60).

It is also necessary to discuss the case when the
gravitational and cogravitational effects can be neglected,
i.e. the material parameters g = 0 and f = 0 resulting in

K:C =0. For this case, reduced velocity (84) further

reduces to the velocity Vggw of the surface Bleustein-
Gulyaev-Melkumyan (BGM) wave (Melkumyan, 2007;
Zakharenko, 2010, 2013a) discovered by Melkumyan
(2007). This velocity reads:

22

K 2
&] (80)

Voo =V, | 1—
BGM tem (l'l‘Kezm

where V,, :,/C/p(l+ KZ * stands for the SH-

BAW velocity coupled with both the electrical and
magnetic potentials.

The surface BGM wave can propagate in the
piezoelectromagnetic smart materials, in which more than
ten SH-SAWs were recently discovered pertaining to
different boundary conditions. This report has no purpose
to treat the other boundary conditions different from those
used in this section. Indeed, the four-potential wave
propagation is significantly more complicated case
compared  with the wave  propagation in
piezoelectromagnetic materials. Also, one can find in

formula (80) that a substitution of Kéc instead of K2

can result in the existence of new piezogravitoco
gravitational wave because neither Bleustein nor Gulyaev,
nor Melkumyan has studied the gravitational effects.
However, none has reported that such wave can be
recorded at the current level of experimental
development. Maybe this is a problem for this (next)
century.

The connection between the surface BGM wave and the
well-known surface Bleustein-Gulyaev (BG) wave can be
also discussed. Indeed, h = 0 results in

K2 —>KZ=e?/Cs and V,,, >V, = 1/C/,o(1+ Kez)u2
in formula (80). The coefficient of the electromechanical
coupling Ke2 and the velocity V,, of the SH-BAW

coupled with the electrical potential ¢ are the
characteristics for a pure piezoelectrics. On the other

hand, e = 0 results in K2 — K2 =h?/Cu and

Vin = Vi = ,/C/p(1+ Kri)”2 in formula (80). This

is the case of the wave propagation in a pure
piezomagnetics characterized by the coefficient of the

magneto mechanical coupling K2 and the velocity V,

of the SH-BAW coupled with the magnetic potential .
Therefore, the wvelocity of the surface BG-wave
propagating in a pure piezoelectrics or pure
piezomagnetics can be calculated with the following well-
known formulae (Bleustein, 1968; Gulyaev, 1969):

2 1/2

KZ
VBG =Vte 1_(14_ ;;zj (81)
5 2 1/2
Vo =V, [1-| m (22)
BG tm 1+K2
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For the case when some suitable materials can possess the
mechanical, magnetic, and gravitational subsystems,
formula (80) must be replaced by formula (83) written
below. This can be the case analogical to the
experimentally realized one by Professor André Fiizfa
(2016) when the magnetic and gravitational forces can
interact, i.e. the gravitational field can be controlled by
the magnetic field. If the magnetic subsystem can interact
with the cogravitational subsystem, the final expression
for the new propagation velocity is given by formula (84)
written below.

- , 12
K
V.. =V, |1- 9 83
1new tmg (1_'_ Krig J (83)
- , , 2
V2new =Vtmc 1- K—mcz (84)
1+ Ko,

stands for the

where Vtmg=,/C/,o(1+an1g 2

velocity of the SH-BAW coupled with both the magnetic
and gravitational potentials and

/2
Ve = 1/C/,o(1+ KZ. ] stands for the velocity of the

SH-BAW coupled with both the magnetic and
cogravitational potentials.

In formula (83), the introduced material parameter Knig

can be called the coefficient of magnetogravito
mechanical coupling (CMGMC). In expression (84), the

. . 2 .
introduced material parameter K. can be analogically

called the coefficient of magnetocogravito mechanical
coupling (CMCMOC). They are respectively defined by

2 _H9°+h"—2phg
" Cly-p)

(85)

_9(gu—-hp)-h(gs—hy) _ gM, —hM,

Cluy - ) CM,
2 _ M7+’ —27hf

e 2

Clun - 7) (86)
_ f(fu=h2)-h(f2-hy) _ ™M, —hM,,

C(yn—/iz) CM,,

In definitions (85) and (86), the following corresponding
mechanisms of coupling are introduced:

M, =gps-hy (87)

Mg =gu—hg (88)
M, = wy - 2 (89)
My, =fi-hp (90)
M, = fu—-hi (91)
My, = un -2 (92)
CONCLUSION

This theoretical report has predicted the existence of the
new four-potential shear-horizontal surface acoustic wave
(4P-SH-SAW) propagation in suitable solids when the
wave motion is coupled with the following four
potentials: the electrical potential ¢, magnetic potential v,
gravitational potential @, and cogravitational potential ¥.
The velocity of the new 4P-SH-SAW was obtained in an
explicit form. The obtained theoretical results can be used
for further development of some problems of gravitation,
the problem of 4P-SH-wave propagation in plates, and
constitution of smart technical devices. This can usher
gravitation into a new experimental and industrial era.
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Appendix I.

To find all the suitable eigenvectors corresponding to
found eigenvalues (52) and (53), it is necessary to treat
equations’ set (50) anew. It is natural to utilize the first
equation in set (50) for determination of the first
eigenvector component U° as a function of the rest
components ¢°, 1°, @°, and ¥°. So, this dependence reads:

U®=-mleg® +hy®+gd® + f¥°))CA (A1)

where m=1+nZ and

A=m—{V, N, f=—v,, /Vm)2 foreigenvalue (52) (a)
A=m-(v,, /VM)2 =—mK2__foreigenvalue (53)

emgc
Utilization of definition (Al) for equations’ set (50)
allows one to exclude the eigenvector component U° from
the further consideration and to deal with a reduced set of
equations. This is the usual mathematical procedure for
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finding of the unknowns for the set of five equations in
five unknowns. It is also useful to state that formulae (A2)
are also applicable for the problem of finding of suitable
eigenvectors when the wave propagation in
piezoelectromagnetics (Zakharenko, 2010; Zakharenko,

2013a,b; Zakharenko, 2015a,b) (i.e. K2 =—— Kezm) is
investigated.

emgc

I.Al. The first order of equations

So, the new set of four homogeneous equations can be
written as follows:

gL+ mKZ /Ap® +afl+mK? /Aly°
+ L+ mK2 /AN + L+ mK 2 AJPO =0
all+mK? /Akp® + L+ mK2 /Ay °
+ B+ mK2 /A + AL+ mK 2 /AWP® =0

Clu+ mKC/A)(p s plrmk /Ay B

+ L+ mK2 /AJD° + 9L+ mK 2 /AN =

E(L+mK2 /Ap® + AL+ mK? /Al °

+ 91+ mK2 /AJD° + L+ mK? /AR =
where
KZ=¢e*/Ce (A4)
K2 =eh/Ca (A5)
KZ=eg/C¢ (A6)
K?=ef/C& (A7)
K2 =h?/Cu (A8)
K2 =hg/CB (A9)
K2 =hf/CA (A10)
Ks=9°/Cy (A11)
K:=gf/C9 (A12)
K?=1%/Cp (A13)

Next, from the first equation in set (A3) it is possible to
determine the second eigenvector component ¢° as a
function of the components °, @°, and ¥°. It can be
composed as follows:
o__alasmi?) o g(ArmK?) o dlarmKe) o, (AL4)
T oeAemkZ)T ArmK?) T g(ArmK?)

Definition (A14) for ¢° can be then utilized in set (A3) to
reduce the set of four homogeneous equations in four

undetermined. Indeed, it is natural to use definition (A14)
for the second, third, and fourth equations in set (A3). As
a result, the new reduced set of three homogeneous
equations with three unknown components °, @°, and ¥°
read:

pArmK?) a?(ArmK?2) )
| |

A As(A+mK?)

pla+mkz) a§(A+mK )(A+mK -
1A Ac(A+mK?)

+{/1(A+ mKZ) a§(A+ mK XA+ mK

A Ac(A+mK?)
pla+mK?) ag(A+mK? )(A+mK o
A As(A+mK?)

J{y<A+mK§)_§2(A+ mK 2} ]q)o

A As(A+mK?2)

+{.9(A+ mK?) &C(A+mK2fA+ ng)]WO o

A As(A+mK?)
AA+mk?) ag(A+mKZJA+mK2)) |
A ae(a+mk?) )
X gAa+mkz) &g(a+mKEfA+mK?) po  (AL9)
A As(A+mK?)

J{q(m mK?) &(A+ ng)Z)}UO "

A As(A+mK?

Exploiting the first equation in set (Al5), the third
eigenvector component y° represents the following
function of the eigenvector components &° and ¥°:

ﬂ(A+mK§)_a§(A+mK5XA2+mK§)
0 e(A+mK?) .
v o=— 0)]
(A+mK2)—a2 A+mK§)2
# " (A mK? (A16)
Aasmkz) ag(A+mK2)A+mK?)
_ ’ fATmK?) e
o (A+mK?2f
i) 2 A+mK?

Finally, function y°(@°, ¥°) (A16) must be used for
substitution in the second and third equations in set (A15).
This substitution results in the final two homogeneous
equations in two unknowns @° and ¥ that already can be
readily used for definition of both @° and ¥°. These two
complicated equations can be composed in the following
forms:
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AlA+mKE) ag(A+mK2(A+mK2)Y
AA+mK?) 2 (A+mK2f A ,

As(A+mKZ)

0= - -
A Ag(A+mK?) wlArmK2) a?(A+mK?f
A As(A+mK?)

g(A+mKz) EC(A+mK2 A+mK2))
+ - '
A As(A+mK?)

[ﬁ(m mK?) ag(A+mK2[A+ m|<§)][/1(A+ i) ag(A+mKZ) A+mK?)

A As(A+mKZ)  eAemk?d) o
) 7aZ(A+ij)2
e e
o[ SlarmK) gc(armkE) A+ mK2))
= - D
A Ag(A+mK?)

A As(A+mK?) s(A+mK?
o?(A+mK2f

u(A+ mK,ﬁ)—W
.

[ﬁ(A+ mK2) ag(A+mk? A+ mKE)J[A(M ) ag(A+mK2) A+ ng)J
@0

Aa+mk?) az(a+mk2 A+ mK?))
. n(A+mK?) g(A+mkzf A .

As(A+mKZ)
A As(A+mK?) warmk?) a(a+mK?f
A As(A+mKZ)

(A17)

Equations’ set (A17) represents a set of two homogeneous
equations in two unknowns @° and ¥°. This pair of
equations can be schematically written as follows: a;x +
by = 0 and bx + a,y = 0. Therefore, the unknowns x and y
can be chosen in two different ways: (1) x=-bandy =
a;; (2) x = a, and y = — b. Taking into account this fact it
is natural to write down below two different sets (i1) and
(ii1) of the eigenvector components for the case of
equations (A3).

(i1) The first eigenvectors for case (A3)

The first eigenvectors can be composed with the first
equation in set (A17) and definitions (Al), (Al4), and
(A16). For eigenvalues (52), m = 0 and therefore, the
corresponding eigenvector components are relatively
simple. So, these eigenvector components are

9] 0(1) U 0(3) U 0(5) 9] 0(7)
0(1) 0(3) 0(5) 0(7)
®» 4 » ®»
0 | — 03) | — 05 | — 0(7)
pO | =y =y =y
¢0(1) @0(3) ¢0(5) ¢0(7)
p o w o) o) p o

UO=§O ¢
0__ @ o0 6 g0 S yo
¢ = gl/lg 5¢> gz:
04 04
oot e g ey
e
Al8
A o e
@O 19 64 & 5 &
& e
H c 2
g
2 IB_a j
g,o__7+§ +( 52
& (04
-
&

However, for eigen value (53) there is a more complicated
eigenvector. For this case, the parameter A defined by
expression (A2) does not depend on the propagation
velocity. Therefore, the utilization of the corresponding
parameter A (A2), the first equation in set (Al7), and
definitions (Al), (Al4), (A16) leads to the following
complicated eigenvector components:

U= (e(pO +hy’+go° + f'FO) CK frge
(oo:_aKAl//o_éKz QDO—ﬁTO
K K K
K _aéKAKz K _agKAKS
o_ LK o T e e
v == 2., 2 - 2., 2
a’K, a’K,
Ky - Ky -
UO(Q) gKE E
0(9) ° = 9K _ SeKsK,
¢ K2 eK.K2
l//o(g) _ emgc E " “emgc
PO Ay agK,K, [AK _aé:KAKSj
L
5[,0(9) _ Kezmgc ‘C/‘KEKezmgc ‘C"KE
a?K,?
K. — A
H- K.
2
(ﬂKB _ acgK K, J
2 2
?’0:— ]/KG 4 éIZKZZ + Kemgc gKEKemgc
Kezmgc SKEKezmgc IUKM _ aZKAZ
Kezmgc ‘51<EKezmgc
(A19)
where
2 2
KE = Kemgc - Ke (A20)
2 2
KM = Kemgc - Km (A21)
2 2
Kg = K2, —K? (A22)
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Kp = K:mgc ~K? (A23) U° = (ep® +hy® +g@° + f°)/CK 2,
K K K
_ 2 2 0 _ _h 0 _72(150 _7s¥/o
KA - Kemgc - Ka (A24) K v K &K
K K
K, = Kezmgc - Ké (A25) BK, _ oK, Ky K, _adK, Ky
2 2 (//0 =— K P° — &Ke PO
Kg = Kenge = K5 (A26) K _a’K,’ K _a’K,’
K, =K2,, —K? Ueo TKe toKe
z — MNemge — "N¢ (A27) 2
, 5 P°® AK  adK, K
KS = Kemgc - K‘f (A28) 09 = 0 T]K fZK 2 Kezmgc ‘EKEKengc
v o' =-"F 4 S —+
KL = Kezmgc — K; (A29) @ Kezmgc gKEKezmgc MKy _ azKAZ
y/U(g) Kezmgc ‘31<E Kezmgc
(iil) The second eigenvectors for case (A3) o — Iy EKK,
Kezmgc SKEKezmgc
To obtain the second eigenvectors, it is necessary to use
' a K a K
the same equations that were used for the composition of [f}fs —g}fKé‘zz][/lKL —5(:(’*5}
the first eigenvectors, but the first equation in set (Al17). _ N emee E “emge _ E
Here, the second equation in set (A17) is used instead of 1K _OZZKA
the first equation. Therefore, two eigenvectors MoK

corresponding to eigenvalues (52) and (53) can be
respectively inscribed as follows:
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